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We obtain the transport coefficients up to first order in the density for a
system of particles interacting with nonadditive forces. To zeroth order in
the density we recover the usual results obtained from the Boltzmann
equation. To first order in the density one finds that the transport coefficients
consist of two parts: the value of the corresponding quantities for a system
with only additive forces, plus a contribution due to nonadditive forces.
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1. INTRODUCTION

In two earlier-papers® (hereafter referred to as I and II; here we use the
same notation as in these papers) we started the study of nonequilibrium
statistical mechanics of systems interacting with nonadditive forces. In paper I
we obtained the hydrodynamic equations for these systems and the explicit
expressions for the contribution due to nonadditive forces to the stress tensor
and the heat current. In paper Il we set up the general kinetic equation using
Bogolyubov’s functional assumption. Furthermore, after linearizing in the
gradients we solved this equation using a Chapman-Enskog method, and
finally obtained the explicit expressions for the shear and bulk viscosities and
thermal conductivity. It should be mentioned that all the results obtained in II
were obtained without using series expansions in the density of the relevant
quantities.

It is the purpose of this paper to discuss the density expansion of the
transport coefficients, and obtain the explicit effect of the nonadditivity of the
intermolecular potential on the triple collision part of these quantities.
Therefore we restrict ourselves in this paper to quantities up to first order in
the density. .

In Section 2 we solve the generalization of the BBGKY hierarchy for
systems with nonadditive forces obtained in paper II, as a power series in the
density. We use, for this purpose, the ideas on the boundary conditions
discussed elsewhere (Ref. 3; hereafter referred to as ITI). We also demonstrate
in this section the fact that in our one-component system no diffusion
is present. As was mentioned in Appendix B of II, we can only prove
this by making density expansions of the two- and three-body distribution
functions.

In Section 3 we find the explicit expressions for the transport coefficients.
To zeroth order in the density the nonadditive potentials do not play any
role, and we recover the usual Boltzmann results. To first order in the density
we find that the transport coefficients consist of two parts; the contribution
of the additive part of the potential, obtained in another paper (Ref. 4;
hereafter referred to as IV), and an explicit contribution due to nonadditive
forces.

2. THE TWO-BODY DISTRIBUTION FUNCTION

In this section we proceed to obtain from the generalization of the
BBGKY hierarchy to systems that interact with nonadditive forces the two-
body distribution function up to first order in the density.

The generalized BBGKY hierarchy was obtained in paper II and can be
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written in terms of the reduced distribution functions in phase space F; as
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Here 57, is the additive hamiltonian operator given in Eq. (4) of I1I, and
A, is the nonadditive part of $,. Furthermore, we have taken the thermo-
dynamic limit (N —o0, Vo0, N/V = n, finite). Equation (1) can be
rewritten in a more convenient form as follows:
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where

Oy = [qu(pkj]'vpk + [vqj(Pk]].ij ©)

and
glcjl = [quijz]’Vpk + [Vq,wka]'vq, + [Vq;'Wk;'z] 'Vq, (5)

In particular, for s = 1 we find that
(OF1/0t) + (p/m)-V F; = nf dxg 013Fo(x1, X35 1)

+ nZJV dxy dxs $1asFa(X1, Xa, X35 1) ©)

Here we have set x = x;.
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As we have done in II, we now make Bogolyubov’s functional assump-
tion, namely that the distribution functions of more than one particle are
time-independent functionals of the one-particle distribution function

Fs(xly'-w Xss t) = Fs(x1>--'> xs|F1(x; t))s § > 2 (7)

This assumption is only valid in the kinetic stage of the evolution of the
system toward its equilibrium state. Substitution Eq. (7) into Eq. (6), one
obtains the kinetic equation in the form

oF, /ot = B(x|F,) ®

We now expand B and F, in a power series in the density #,

F(|F) = 3 niFOC|Fy) )
and =
B(x|F) = > n'B(x|Fy) (10)

Substituting Eq. (9) into Eq. (6) and Eq. (10) into Eq. (8) and comparing
the coefficients of the same powers in the density, we obtain

By = —(p[m)-V,F, (11a)
Bl = J‘ dx2 012F2(0) (1 lb)
B, = f dx, 0,.F, + f dxy oy LygaFo® (11¢)

B, = f dxg 01.F% Y + f dx, dxg {195F5" 2, =2 (11d)

If we now substitute Eq. (9) into the hierarchy, Eq. (3), and separate different
orders in the density, we find that

DFO + $FO = 0 (12a)
DFD + 9FP = -G F® + Z J dxsp1 Og,54 1 F21
k=1

+% zz f dxs1 Liyisr1Fsth = PP (12b)
K47
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@()Fs(l) + sjst(l) = -z F(l i + Z J dxs+1 Bk s+1Fs(+1)
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Here we have defined the operator &, as

gkl;l‘('"lFl) = [S’MSFD Bk(lFl)] (13)

where (84/8F;) denotes the functional derivative of ¢ with respect to F;, and
B, is given by Egs. (11a)~(11d).

Equations (12a)—(12c) are the differential equations satisfied by F,*. The
solution is obtained in the same way as is done in the case of systems with
purely additive forces.®® We shall only write down the solutions. From Eq.
(12a) one finds that

Fs(O)('"IFl) = @s-~th(0)(,__I@1‘tF1) (14&)
and in general from Eg. (12¢)
(3
FOC|F) = &, FO|87F) + | dr 8, B0+ [87F), 1> 1 (14b)
Jo
Here we have introduced the streaming operator of s particles as
S H X1 ey Xg) = EXP{TH(X150ees X5)} (15)

with 9, given by Eq. (2).

We now proceed to consider the right-hand sides of Egs. (14a) and (14b)
in the usual way.-® Due to the fact that the left-hand sides of Eqgs. (14a) and
(14b) do not depend on ~, the right-hand sides do not depend on r either.
Therefore we can take = — oo in Eqs. (14a) and (14b). At this point we
introduce, following the ideas advanced in III, the following boundary
conditions:

lim &, "FO¢+|6,°F1) = (I — ¢®) lim &,~* l l &1 () Fi(x) (16a)
T~ 0 T ® j=1

and
lim &, *F(-|&,°F;) = ¢ lim &,* | | &, (x)Fi(x:), > 1(l6b) ‘
70 7> 0 =1

Here we have introduced the s-body local equilibrium correlation func-
tion g,, given by its series expansion

g = > ng® amn
1=0
As was done in III, we take the local equilibrium value of the correlation

function because we are interested in evaluating the distribution functions in
the hydrodynamic regime, in order to calculate transport coefficients.
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As we discussed in IIT and IV, the use of the boundary conditions given
by Eqs. (16a) and (16b) will ensure the existence of a bona fide virial expan-~
sion for the transport coefficients. '

It is now a straightforward matter to manipulate the right-hand sides of
Egs. (14a) and (14b) with the aid of Eqs. (16a) and (16b). Since this manipula-
tion is the same as the one done for a system with additive forces,® 5% we do
not repeat it here. We will just quote the final results. To zeroth order in the
density one obtains from Eqs. (14a) and (16a) that

FO(%y vy X5 F) = D@ pener QOB 400s %5) | | Fay) (18)
i=1
where
Qi @) = 1 — 6@ = 1 — eXp{—ﬁ[% SS e 4SS wch} 19
dA#7 i#i#k
WXy v Xg) = UM S0y 50y %) | | S17(x) (20)
T— 0 i=1

and 8 = (kT)~1, k being Boltzmann’s constant and T the local temperature.

As is shown in Section 3, it will be necessary, insofar as transport
coefficients to first order in the density are concerned, to obtain only the two-
body distribution function to first order in the density F,™. This is found to be

FPxy, x2]F1) = 92(1)((11, 42)8Bo(x1, x2)F1(x1)F1(x2)
+ f dvy Ly, %3, x)F(e)F(v)Faxs) 1)

where the operator Z(x;, x5, x3) is given by

Z(X1, Xz, Xa) = j dr ©37%(xy1, X3)
0

X {(015 + 033 + L125)Ta(x1, X2, X3)Ba(X1, X3, X3)
— D1, X2)Wa(x1, X2)[01515(x1, x3)Wa(x1, X3)
+ O935(xq, x3)8Bo(xa, X3)[} (22)

We will now rewrite the operator % in a more convenient form. For this
purpose, we notice that, with the aid of Eq. (2), the streaming operator &

[Eq. (15)] is
& = exp{r9.}

exp{r(H, + A} = (€¥WFs+8D — s ¢
— (e‘c(.#s+As)e—r.%"s — 1)6"#8 4 s

= (&FS,7° — 1SS + S (23)
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where
S5 = exp{r#} 24)

is the streaming operator of a system with additive forces. Due to the fact
that [see Eq. (2)]

9, = 1=1,2 (25)
we have that
&"'=8" =12 (26)
Therefore, from the definition of 8,, given by Eq. (20), we find that
B, = RS, + &, @7
where
R, = lim(&8S,7" — 1) (28)
and
Firseers Xe) = i 837 (1,000, %) | [ S270x0) (29)
T i=1

is the operator corresponding to a system with additive forces.
From Eq. (19) we can write

Iy = Pgaq + (Pa — Tsa0) (30)
where
3
o = 1= g = 1 = exp =38 3, S G
i#j
Further, we notice from Eq. (19) that I'y does not have nonadditive con-
tributions, i.e., it is the same function as the one corresponding to a system
with additive forces. Using Egs. (27) and (30) in Eq. (22), it can be shown in
a straightforward way that

L(X1, Xa, X3) = Og(X1, Xa, X3) + 2(x1, X3, X3) (32)

where 0, is the operator for a system with additive forces, and is given by
Eq. (30) of III. The operator 2 is the contribution to % due to nonadditive
forces, and is given by

I(x1, Xo, X3) = ( dr S37%(x1, X2)(015 + Oa3)

Y0

x [[aRs + (T's — Dgea)lFa(x1, X2, x3)
+ f dr S,7(x1, X)lazalTaRs + Tsl(x, Xy %) (33)
0

It should be noted that if there are no contributions due to nonadditive
forces, then 2 = 0, & = @3, and we recover the theory for systems with
additive forces developed in IIT and IV.
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Substituting Eq. (32) into Eq. (21), we obtain
FyP(xy1, Xg|F1) = FoP(x1, Xa|F1)aa + Fa'(%1, Xa|F1)na (34

where F,N(x;, Xo|Fi)aq 18 the two-body distribution function to first order in
the density corresponding to a system with additive forces, and is given by
Eq. (29) of IT1. Fo™™(x1, x5 F1)n, 1s the contribution due to nonadditive forces
to the two-body distribution function to first order in the density, and is
given by

FP(x1, Xa|Fna = (82 — 8520)F5(%1, X2)F1(x1)F1(x2)
-+ f dxs 2(x1, X, X3)F1(x1)F1(xg) F1(x3) (35)

Here gil); is the term to first order in the density of the local equilibrium
pair-correlation function of a system with additive forces.

Before proceeding to calculate the transport coefficients, we would like
to turn the attention to a pending problem. It was mentioned in paper II that
due to the fact that we are dealing with a one-component gas, no diffusion
should be present. Therefore the vector D(p) defined by Eq. (3.20) of 1I
should vanish. It was shown in Appendix B of paper 11 that in order to prove
that D(p) = 0, it was enough to demonstrate that the quantities a, k, and j
defined by Eqgs. (B4) and (B5) of II are proportional to the single distribution
function. It was also mentioned that without a density expansion of the two-
and three-body distribution functions we had not been able to demonstrate
this property of a, k, and j. We would like to show now this property of the
functions a, k, and j. Since the proof is the same up to first order in the density
as it is for any order, we proceed to present the proof in general.

One can obtain, in the same way as was done for F,™, any term in the
density expansion of F, and Fj. It can be shown™ that F® (s = 2,35/ = 1)
is of the form

F(-+|Fy) = 6P Fy(x1)+Fy(x,)

r= l+s
f %y 1oeed, Q,lﬂFl(xi) s=23; I>1 (36)

r=s+1

where €, is an operator. Therefore we can write from Eq. (9), with the aid
of Egs. (17), (18), and (36), that

Fs(lF:l) = (1 - 293(0) + gs)%s :[_SI Fl(xi)

) r= l+s
+ 2 7
=1

The functional derivative of F, taken at point x" and evaluated for the

j B, 1oe-dX, @,,Hﬂ(xl), s=2,3 (37)

r=s+1
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equilibrium distribution function F,° is

F/(, X [FOF@) = (1 — 26 + 69, [ | A°®y) Z 3(x" — x;)
i=1 F=1

o0 r=l+s
+ Z n' fdxsﬂ---dx,
=1 r=s+1
Cox g [ [R@) D M —x), s=23  (3)
i=1 i=1

Substituting this expression into Eqs. (B4) and (B5) of paper I1, one finds
that all the quantities a, b, ¢, d, e, f, j, and k are proportional to the single
distribution function. Therefore we can conclude that D(p) = 0 and for our
system there is no diffusion.

In the next section we will obtain the explicit expressions of the transport
coefficients up to first order in the density.

3. THE TRANSPORT COEFFICIENTS

In the last section we obtained the two-body distribution function up to
first order in the density. With this function we can now proceed to construct
the kernels of the integral equations for the ¢, <7, and # functions which
determine the transport coeflicients (see paper II). For this purpose we make
the following series expansions.

For the functional ¥(x|f;) that determines the collisional term of the
kinetic equation [see Eq. (2.7) of paper 1I]

o0

Y= > pltapo (39)
=
and
G = (1m%s + Do + n%; +- (40)
A = (Un)ly + Sy + nsl, +o- @1)
and
B = (1n)Bs + By + nB; +- (42)

Substituting these expansions into Eqs. (3.32), (3.33), and (3.34) of
II, and separating different orders in the density, one finds the following
results.

Using Eq. (18) in the definition of the functional given by Eq. (2.7) of 11,
we can write

q"(o)(x!Fle) — (D(O)(xlFle) (43)
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where ®O(x|F;°) is the functional given in Section 4 of paper IV, ie., is
the same functional that corresponds to a system with only additive forces.
Here we have used the relation between the reduced distribution functions
in phase space F, and in uspace f;, namely f, = n°F,. Further,

Fo(p) = Qumb)~32 exp{—(p — nu)?/2m¥b} (44)

and the rest of the symbols are defined elsewhere.®

Thus to zeroth order in the density one finds that there are no effects due
to nonadditive forces; there are just contributions of binary collisions. To this
order, %5 and <7 are the corresponding functions obtained from the linearized
Boltzmann equation (see Section 3 of paper IV). Further, one finds that
%, = 0. The transport coefficients are, to this order, precisely the ones
obtained for dilute gases.®

To first order in the density one finds

TE (NP [m)(d]d0)[0B1(6))

- | ¥, ¥ R@F ) — 0@ — ) v
+ [ 06, PR EC)P L) dy

- f Y O(x, | FA@)Fa @) P %) dp’ (452)

f V'O (x, p | FAQ)F ()7 Lo p') dp’

—(1/9) J POy, x’lFle(q'))SOSFle(p’) &
B _f YOG, WP @V (p)P P Ao p') dp’ (45b)

In Eq. (45a) By(6) is the second virial coefficient.

We do not consider the equation for %,, the function which appears in
the bulk viscosity, because this latter quantity is at least of second order
in the density.

For this order in the density we use Eq. (34) in the definition of the
functional ¥ and find that

YO(x[Fr0) = VRE[F) + YRGS (46)

Here W is the functional to first order in the density for a system with
additive forces, and is given in paper IV; ¥ is the nonadditive contribution,
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and is given by

YR, |Fi®) = f dxy 010(8:°0 — g8a) Lo F1°(x1)Fi(x2) + f dxy dx;

3
X [0122(x1, X2, X3) + L123l's(X1, X2, X3)] l l Fi¥(x;) (47)
i=1

Using Egs. (43) and (46) in the integral equations (45a) and (45b), one
finds that the unknown functions %, and %4, can be written as

Yo = (%o)ea + (Dodua (48)
Ay = (%)ad + (‘%)na (49)

where (9,)sq and (%4).q are the functions corresponding to a system of
additive forces, and satisfy the integral equations given by Eqs. (24) and (30)
of paper IV. The nonadditive contributions satisfy the following integral
equations:

| i vIEOREIP T
- f QOx, p'|F12)F1° ()P (%o)na AP’ (50a)
and
| s vIRIR @) P ) df
= —f OO, p'|FO)F1°0) PP (Ao)na AP’ (50b)
Substituting the explicit expressions for @' and ¥’ given by Egs. (43)
and (47) into Eqgs. (50a) and (50b), one obtains the following integral equa-
tions for (%)n. and (). :
2
[ s 01s0: = gRIF DFCIFC) Y, P Il
i=1
+ f dxy dxg [0152(x1, X3, X3) + 12513001, X3, X3)]
3 3
+ [ TR D, PGxDP) = Co(P(Fo)sa) (51a)
i=1 i=1
and
2
[ s 010, = T, IR Y, TR
i=1

- f dxy dxs [0102(1, Xa, X3) + Li9aTa(X1, X2, X3)]

X ﬁ Fie(x;) i PG ANT) = Co(P°P(Ao)na) (51b)
i=1 i=1
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The operator Cy that appears in Egs. (51a) and (51b) is the usual linear-
ized Boltzmann operator which is given, in the usual notation, by *-®

Cs(h) =f dp; dQ 1(g, )F*(@)lh(p:) + h(p2) — (@) — A(@2)] (52)

The function (%,),, has to satisfy, additionally, the following subsidiary
condition:

[ 4o @ (@e = 0 (53)

There is no further condition on (2%),,.

The general expressions for the transport coefficients corresponding to
a system with nonadditive forces are given in paper II. These expressions
were obtained without recourse to density expansions. If we now expand these
expressions, we find to first order in the density the following results.

The shear viscosity is [see Eq. (4.15) of paper 1I]

M® = 0 + ()5 (54)

where () is the shear viscosity of an additive system and is given by Eq.
(38) of paper IV. The contribution of nonadditive forces is just kinetic, up
to this order in the density, and is given by

)& = ~(1/15m) j dp PF () Ao)aa (55)

The coefficient of thermal conductivity is [see Eq. (4.29) of paper 1I]
WD = IR + (IR (56)

where (V)Y is the thermal conductivity of an additive system, and is given
by Eq. (34) of paper IV. The nonadditive contribution is also of kinetic
origin, and is expressed as

(Aha = —(1/6m20)f dp Z*F1(P)Go)ua (57)

The coefficient of bulk viscosity vanishes to this order in the density.
The demonstration of this fact is made using the same arguments as given
by several authors (see, e.g., Ref. 9) and we do not repeat it here.

To summarize, we have obtained in this paper the transport coefficients,
up to first order in the density, of a system interacting with nonadditive
forces. It was found that to zeroth order in the density only the additive part
of the potential plays a role, and we obtain the usual Boltzmann transport
coefficients. To first order in the density one obtains the result that the
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transport coefficients consist of two parts, the transport coefficients corre-
sponding to just the additive potential, and a nonadditive contribution of
kinetic origin. Therefore in the evaluation of the effects of triple collisions on
the transport coefficients one has to take into account, not only those effects
due to additive potentials,*°*2 but also the effects due to the nonadditive
part of the potential. These latter effects are given by the expressions for
()Y and (X)L given in Egs. (55) and (57), respectively. In forthcoming
publications we will obtain the explicit value of ()& and (A, for different
intermolecular models.
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